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Statistical Mechanics
and the Gauss Principle

M. Dutta?
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In an essentially statistical approach to statistical mechanics, it is seen that
the Gauss principle of the arithmetic mean may be taken as the starting
point. The equations from which the subject can be built up are deduced
from the Gauss principle of the arithmetic mean.
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1. INTRODUCTION

The problems of statistical mechanics can be solved by several methods with
equal success.™ A physicist, to solve his problem, chooses one conveniently
according to this training and practice. Schrédinger® and Born‘® discussed
two of these methods in some detail. These methods are (1) the method of
most probable values of Boltzmann and Planck, and (2) the method of mean
values of Darwin and Fowler.

With the frequency interpretation of probability and also with regard to
laws of large number,® the basic idea of the most probable value is assumed
to be that the observed values are most probable values. In the other method,
the mean values of a quantity are actually observed. The reconciliation of
these two basic ideas can be seen in the Gauss princicple, which may be
stated as, “For a set of observations of an unknown quantity, the probability
distribution would be such that the probability would be maximum when the
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best estimate of a location parameter, used in the definition of probability,
would be the arithmetic mean.” In other words, the probability distribution
associated with an assembly is such that the mean value of an observable
quantity is the most probable value (the best estimate). The Gauss principle
was first formulated and used in the theory of errors of observations.®
{ts use and significance as a method of estimation are well known.®

Here, it is shown that the usual formulas'—3-7 of statistical mechanics
can be obtained in the usual form.

2. PRELIMINARY OBSERVATIONS

For the application of the Gauss principle, the location parameters need
to be chosen suitably. It is now clear™ that if some quantity other than the
energy or the like be chosen, the usual statistical mechanics cannot be
developed. This point has also been emphasized in an axiomatic development
of thermodynamics.®® If, as in earlier, essentially statistical approaches®19 to
investigating problems of statistical mechanics, energy and number of
particles are chosen as basic variables (or variates) and the Gauss principle
is applied, the usual results of statistical mechanics are obtained.

3. DESCRIPTION OF SYSTEM (ASSEMBLY)

Lete, , € ,... be the energies and »y , 1y ,... the numbers of particles of the
system at different states and let the state defined by (e, ,n;) be with
frequencies f;; and probabilities p;; . After the postulate of statistical inde-
pendence of this probability of states of the entire system (assembly),
consisting of particles in repeated observations, the probability of the entire
system being in a number of states is

P = leffﬂ — H {p(el , Hj oy Ol s 062)}f‘” (1)
“ i

oy and «, being location parameters (to be identified with the mean energy
and mean number of particles). Now, the first task in the essential statistical
approaches is to determine the form of a function of p(e, n; o , ;) along
with that to determine the parameters in terms of sample data, here, the
observed values of € and # taken as known. Here, this will be done from the
Gauss principle.

4. CALCULATIONS

According to the Gauss principle,

P=T]pfy @
23
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1s maximum, 1.e.,

log P =3 fi;log ple; , ny; o, o) 3)
i
is maximum along with the conditions
an‘(fz‘ —a) =0 )
i
Zfij(”j —a) =0 )
i

where «, and o, are location parameters of the distribution signifying the
mean values € and 7 of €’s and n’s.

On the assumption that the partial derivatives up to the second order
exist, the above conditions can be written as

Y Sitalei 5, o) = 0 (6)
Zﬁ'a"/’z(ei JH 50y, ) = 0 (N

along with the restrictions given by (4) and (5), where
Yo = @llogp)/eey and iy = &(log p)foey ®

Now, by application of the method of undetermined multipliers for the
first variations of ¢, and 4, with respect to €; and n; , we get

Zfzg[{l/’ke — Aut} de; + {Sl’zcn — Ao} An;] = 0, k=12 ®

where A, and A, are independent of ¢’s and »’s. Since now de; and 4dn; may
be taken as independent, we get

e — Ag = 0 and Pien — Mg = 0 (10
From (10), on account of (9) and (5), we get
d(log p)[owy, = iy, = Nule — ) - Aol — o) (1)
On the assumption that for p,
¥(log p)fooy day = 8%(log p)/0oy Oy (12)

is satisfied, we get

3)\12

11 (e — ) +—5—~@m— Ap) — )\12

.4

0 oA
=A”«ww~”m~@—M (13)
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As € — a4 and n — a, can assume values independently, we get
OAyy[Octy = Oy [O0uy ONyp/00ty = OdgsO0y (14

and
/\12 = )‘21 (15)

The conditions (14) leads to the existence of the functions »; and v, such that
Ap = 0yf0cy , Ay = i[Oy, Mg = Ovpf00;, Ay = Ovy/00ty (16a)

with
viag 5 dtgg) = 0, k=12 (16b)

and the condition (15) leads to the existence of a function I7 such that
vy = 0ll/dw, and vy, = oll/0a, with Il{agg, o) = 0 (17)
where oy, and o are initial values of «; and o, . Thus, from (11), we get
&(log p)fdoy, = (0/0ou){m(e — ou) + vo(n — ) + IT} (18)

or
ple, 15 0y 5 ap) = (e, n) expivy(e — o) + vo(n — ) -+ I} (19)

Now, denoting

Z(vy,v) = z w(e; , n;) expivi(e; — o) + ol — ap)} (20)
= exp(vyoy -+ ooty — ) 21

as
zp(ei Mgy 0y, ) = 1 (22)

2

We can easily see that

I

oflog Z(vy , vo)]/vs 23)

€ = oy

l
I

= ay = Ollog Z(v , vy)]/0v, (24)
Now, it is easy to recognize Z(vy , vy) as the Zustandsumme of Planck® or
the partition function of Darwin and Fowler./” Then, the parameters »,
and v, may be interpreted as usual and all other usual results of statistical
thermodynamics” can be deduced from these results as they are done in

earlier work.1®
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5. CONCLUDING REMARKS

The above method for the deduction of the basic equation of statistical
thermodynamics from the Gauss principle can be extended easily and directly
to the case of more complicated systems when they consist of different types
of particles or when considerations of other quantities such as charge or
momentum are necessary. In earlier work,“® basic equations have obtained
in two phases, first, by taking the form of the probability functions with the
help of the Bayes principle or some other suitable principle, and second,
by estimating the parameters of distributions by the principle of maximum
likelihood. However, one of the main advantages, of the present method is that
the form of the probability distribution-function with the proper parameters
is obtained at the same time as in the method of maximum entropy
estimation.®
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